1.LIMIT OF A FUNCTION
Lets discuss what a function is

A function is basically a rule which associates an element with another
element.

There are different rules that govern different phenomena or happenings in
our day to day life.

For example,

i. Water flows from a higher altitude to a lower altitude

ii. Heat flows from higher temperature to a lower temperature.

iii. External force results in change state of a body(Newton’s 1* Rule of
motion) etc.

All these rules associates an event or element to another event or element,
say, x with y.

Mathematically we write,
y =f(x)

i.e. given the value of x we can determine the value of y by applying the rule
Ifl

for example,
y =x +1

i.e we calculate the value of y by adding 1 to value of x. This is the rule or
function we are discussing.

Since we say a function associates two elements, x and y we can think of
two sets A and B such that x is taken from set A and y is taken from set B.
Symbolically we write

x & A(xbelongstoA)



y € B (xbelongstoB)

y=f(x) can also be written as

(xy) f

Since (x,y) represents a pair of elements we can think of these in relations
fC AXB or

f can thought of as a sub set of the product of sets A and B we have earlier
referred to.

And, therefore, the elements of f are pair of elements like (x,y).

In the discussion of a function we must consider all the elements of set A
and see that no x is associated with two different values of y in the set B

What is domain of function

Since function associates elements x of A to elements y of B and function
must take care of all the elements of set A we call the set A as domain of
the function. We must take note of the fact that if the function can not be
defined for some elements of set A, the domain of the function will be a
subset of A.

Example 1
Let A={1,2,3,4,—-1,0,—4}
B={0,1,2,3,4,—1,—2,—-3}

The function is given by
y=f(x)=x+1
forx=1,y=2

x=2,y=3

x=3,y=4

x=4,y=5



x=-1,y=0
x=0,y=1
x=-4,y=-3

clearly y=5 and y= -3 do not belong to set B. therefore we say the domain of
this function is

the set {0,1,2,3, —1, } which is a sub set of set A.
What is range of a function

Range of the function is the set of all y’s whose values are calculated by
taking all the values of x in the domain of the function. Since the domain of
the function is either is equal to A or sub set of set A, range of the function
is either equal to set b or sub set of set B.

In the earlier example,

Range of function is the set {1,2,3,4,0} which is a sub set of set B
SOME FUNDAMENTAL FUNCTIONS

Constant Function

Y = f(x)=K, for all x

The rule here is: the value of y is always k, irrespective of the value of x

This is a very simple rule in the sense that evaluation of the value of y is not
required as it is already given as k

Domain of ‘f’ is set of all real numbers

Range of ‘f’ is the singleton set containing ‘k’ alone.
Or

Dom= R, set of all real numbers

Range= {k}

Graph of Constant Function



Lety=f(x) =k=2.5
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Identity Function

Y = f(x)=x, for all x

The rule here is: the value of y is always equals to x

This is also a very simple rule in the sense that the value of y is identical
with the value of x saving our time to calculate the value of y.

Dom =R
Range =R
i.e. Domain of the function is same as Range of the function

Graph of Identity Function
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Modulus Function

y=r= b= (5520)

The rule here is: the value of y is always equals to the numerical value of x,
not taking in to consideration the sign of x.

Example
Y =f(2)=2
Y=f(0)=0
Y=f(-3)=3

This function is usually useful in dealing with values which are always
positive for example, length, area etc.

Dom =R
Range=R" U {0}

Graph of Modulus Function
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Signum Function
|x| 1,x>0
y=f(x)={7'x¢0}={o,x:0}
0,x=20 -1,x<0

This is also a very simple rule in the sense that the value of y is 1 if x is
positive , 0 when x=0, and -1 when x is negative.



Dom =R

Range = {—1,0,1}

Graph of Signum Function
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Greatest Integer Function
y = f(x) = [x] = greatest integer < x
For Example [0] =0,[0.2] =0,[2.5] = 2,[-3.8] = —4, etc.
Dom =R
Range=Z(set of all Integers)

Graph of The function
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Exponential Function
y =f(x) =a*wherea >0

Dom =R



Range=R"

The specialty of the function is that whatever the value of x, y can never be
0 or negative

Graph of Exponential Function
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Logarithmic Function

y = f(x) =loggx
Dom =R*
Range =

Graph of Logarthmic Function
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LIMIT OF A FUNCTION
Consider the function

y=2x+1

lets see what happens to value of y as the value of x changes.

Lets take the values of x close to the value of, say, 2. Now when we say
value of x close 2. It can be a value like 2.1 or 1.9. in one case it is close to 2
but greater than 2 and in other it is close to 2 but less than 2.Now consider
a sequence of such numbers slightly greater than 2 and slightly less than 2
and accordingly calculate the value of y in each case.

Look at the table

X y=2x+1
1.9 4.8
1.91 4.82
1.92 4.84
1.93 4.86
1.94 4.88
1.95 4.9
1.96 4.92
1.97 4.94
1.98 4.96
1.99 4.98
2.01 5.02
2.02 5.04
2.03 5.06
2.04 5.08
2.05 51
2.06 5.12
2.07 5.14
2.08 5.16
2.09 5.18
2.1 5.2
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We see in the tabulated value that

as x is approaching the value of 2 from either side, the value of y is
approaching the value of 5

in other words we say,
y 2> 5(ytendsto5)as x > 2(xtendsto2) or
li =
lim y 5
INFINITE LIMIT

As x—> a for some finite value of a, if the value of y is greater than any positive
number however large then we say

Y = oo (y tends to infinity)

In other words y is said have an infinite limit as x - a. And we write

limy = o
x—a

Example

If

1

y = x_z'

Then
iy = o

Since x>0, x? — 0 and x? is positive,

1 . -

— becomes very very large and is positive. Therefore the result.
X

Similarly,

As x-> a for some finite value of a, if the value of y is less than any negative
number however large then we say

Y - oo (y tends to minus infinity)
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In other words y is said have an infinite limit as x - a. And we write

limy = —o0
xX—a

Example

If

= —;’

Then
li = —
rar RO

Since x>0, x2 — 0 and x? is positive,

1 . .
—— becomes very very large and is negative. Therefore the result.
X

LIMIT AT INFINITY

As x becomes very very large or in other words the value of x is greater than a
very large positive number , i.e. x = oo, if value of y is close to a finite value’ @,
then we say has a finite limit ‘a’ at infinity and write

limy=a
X—00

Example

Lety=l

X

As x—>oo, % becomes very very small and approaches the value 0.Therefore

we write

limy=0

X— 00
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similarly

As x becomes very very large with a negative sign or in other words the value
of x is less than a very large negative number, i.e. x - oo, if value of y is close
to a finite value’ a’, then we say has a finite limit ‘a’ at infinity and write

lim y=a

X——00

Example

Lety=l

X

As x—>eoo, i becomes very very small and approaches the value 0.Therefore

we write
lim y=0
X—>—00

ALGEBRA OF LIMITS

1. Limit of sum of two functions is sum of their individual limits

Let lim,_,, f(x) = m and let lim,_,, g(x) = n, then

lim(f(x) + g(x)) =m +n
2.Limit of product of two functions is product of the their individual limits
Let lim,_, f(x) = m and let lim,_, g(x) = n, then

lim(f(x) x g(x)) =m Xn

3. Limit of quotient of two functions is quotient of the their individual
limits

Let lim,_, f(x) = m and let lim,_, g(x) =n # 0, then



SOME STANDARD LIMITS

1.lim,_,, P(x) = P(a) where P(x) is polynomial in x

Example
lim(2x2 +3x+1) =2x 12 +3X1+1=6
x—
2.liqua% = na™ ! where n is a rational number
Example
2 2
x?—a
lim =2a*"1'=2a
x>a X —a

n
3.lim,,_, (1 + %) =e,
: AN
lim,,_, (1 + Z) = e,

1
4.lim,_,(1+n)n=e

k

lim,_o(1 + n)n» = e*

a*-1

SJanqo( -

) =Ilna
Example

dim, g (2’“7—1) =1In2

6. 1i o loga)(C1+x) = log, e
Example

In(1+x)
| x—0 . =]lne =

14



SOME STANDARD TRIGONOMETRIC LIMITS
1lim,_sinx =0
2. lim,_,ycosx =1

3.lim,_otanx = 0

4. lim,_,, % =1, here x — 0throughradian values

(0]

. sinx T
5.1lim,_,, ~—~  ~ 1so0
Example
. Sin mx m
lim — = —
x—0 sin nx n
Since
. sin mx sinmx nx m
lim — = lim X — X —
x—0 sin nx  x-0 mx sinnx n
m m
=1X1X—=—
n n
3.5
2x>+3x+5 . 2+3+t7 2
im = lim ————— ==
x>03x2+2x+1 x50 2,1 3
3+-+—=
X X
Example
14+ 2+3.........40
lim >
X—00 n
1
_onn+1) . @mP+n) . A+ 1
= lim ————= - = ==

x>0 2XNZ  xow 2XMNZ  x-w 2 2
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Example
. X X X
' (1—cosx) y 2sin? 5 sin?x 1 y sins y sinz
x50 X2 A x2 X2 2 0 X % X0 X
ZT 7
—1><1><1—1
2 2

Existence of Limits
When we say x tends to ‘a’ or write x—>a it can happen in two different ways

X can approach ‘@’ through values greater than ‘@’ i.e from right side of ‘a’ on
the Number Line

Or

X can approach ‘@’ through values smaller than ‘@’ i.e from left side of ‘a’ on the
Number Line

The first case is called the Right Hand Limit and the later case is called the Left
Hand Limit.

We, therefore conclude that Limit will exist iff the right Hand Limit and the Left
Hand Limit both exist and are EQUAL

Consider the Greatest Integer Function

y=f(x) = [x]
Consider the limit of this functionas x — 1
The right hand limit of this function

=1

Since if the value of x is greater than 1 for example 1+h,h> 0, then the greatest
integer less than equal to 1+his 1

The left hand limit of this function

lim [x] =0
x—-1—
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Since if the value of x is less than 1 for example 1-h,h> 0, then the greatest
integer less than equal to 1-his 0
In this case the right hand limit and the left hand limit are not equal

And therefore the limit of this function as x = 1does not exist

1.5

1 / 4 ¢ ¢ 4
0.5

For that matter this function does not allow limitasx > n
Since the right hand limit will be always n and the left hand limit will be n-1.
Consider the Signum Function
|| 40 1, x>0
yzf(x):{x'x }Z{O,X= }
0,x=0 -1,x<0
Consider the limit of this functionasx — 0

The right hand limit of this function is 1 and the left hand limit of this function
is -1 as evident from the definition of the function and concept of right and left
hand limits

Therefore this function does not have alimitasx —» 0

[AEY

(o]
O g ¢,

-1.5 -1

o
o
P ¢
o_
0
-
H_
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Continuity of function

A function is continuous at a point ‘c’ iff its functional value i.e the value of
the function at the point ‘c’ is same as limiting value of the function i.e value
of the limit evaluated at the point ‘¢’

OR
lim f(x) = f(c)
This means that a function is continuous at a point ‘c’ iff
All the three conditions mentioned below holds good
1.limit of the function as x — c exists
2.the function has a value at x=c. i.e f(c) does exist
3.the limit of the function is equal to value of the function at the point x=c
Most of the functions we encounter are continuous functions
For example
The physical growth of a child is a continuous function
The distance travelled is a continuous function of time

Continuous functions are easy to handle in the sense that we can predict the
value at an latter stage. For example if the education of a child is continuous
we can predict what he or she might be reading after say 5 years.

Examples

The constant function is continuous at any point ‘c’ and hence is continuous
everywhere.

lim f(x) = limK = K,where f(x) = K is the constant function
X—C X—C

Consider the Function

2—-16

X
f(x):xj
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This function is not continuous at x=4.Since the function is not defined at x=4
Consider another Function

f(x) = [x] or the greatest Integer Function
Consider the point x=2

This function does not have limit x = 2 as the Right Hand limit will be 2 and the
Left Hand Limit will be 1.Hence this function is also not continuous at x = 2

Example
x?—16 A
f@=1%—4 "7
8,x=4
I im0 imet 4) = 8= f(a
xlﬂf(x)—xl_rg po— —xlﬂ(x ) =8=f(4)
i.e

lim f(x) = f(4)
xX—4
This function is therefore continuous at x=4

Limiting value is same as functional value

Consider another Function

X

fx) = (”9 X #0

ek x=0
1K
k\* k\k
lim f(x) = lim (1 + —) = lim (1 + —) = ek
x—0 x—0 X x—0 X

lim f(x) = ek = f(0)
i.e

limit of the function is same as value of the function at the point



therefore, the function is continuous at x=0
example
consider the function
s #* 0
xsin—, X
y=f(kx)= X
0, x=0

Consider the point x=0
lim f(x) = limxSin; =0=7(0)
x—0 x—0

Therefore the function is continuous at x=0

As,

1
0< xsin;| < |x|

Taking limit as x— 0, we can conclude that

: 1
lim,_,, xsin— = 0

20
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Differentiation

A function f(x) is said to be differentiable at a point x=c iff

_ fle+h)—f(c)
m

}11_)0 A exists
In general, a function is differentiable iff
_ fx+h)—fx) .
lim exists
h—-0 h

Once this limit exists, it is called the differential coefficient of f(x) or the
derivative of the function f(x) at x=c

Or
1C+h—’C
fX-I-h—’x

Where f'(c) and f'(x) are the differential coefficient or the derivative of the
function, the first being defined at x=c

Examples
Consider the function
y = f(x) = k or the constant function

In this case the differential coefficient f'(x)is given by

f(x+6x) — f(x)
ox

_ k—k

_591cr—r>10 0x

1= 5

=0

Therefore the constant function is differentiable everywhere and the
derivative is zero



Consider the function

y=f(x)=x?
sy S+ 8x) = f(x)
f(x)_alalcr—r)lo ox
(x + 6x)? — x?

= lim
sx-0 (x+ 6x) —x

= 2X
Consider the function
y = f(x) =sinx
s oy S+ 8x) = f(x)
fix) = Jim, 5x
B sin(x + 6x) — sinx
_-Sxﬂo Ox
2COS(x+6x+x) ><Sl.n(x+8x—x)
— 2 2
= lim
6x—0 0x
Cos(x+52x+x) Xsm(x+62x—x)
= lim
5x—0 ox

2

() )
N Sx

2

ox
= limcos<x+—> X 1
5x—0 2

= COSX

Therefore

y = f(x) = sinx

22



Algebra of derivatives

— = coSX
dx

Consider two differentiable functions u(x) and v(x)

Let

Then

Let

Let

Example

1

y=u+v
dy_du+dv
dx dx dx

Yy=uXv

y = sinx + x3

d
_y = cosx + 2x
X

y = x%cosx

23



dy = x2(—sinx) + cosx(2x)
dx

= —x?sinx + 2xcosx

sinx

Y= cosx
dy cosxcosx — sinx(—sinx)

dx (cosx)?

dy (cosx)? + (sinx)?
dx (cosx)?

dy (cosx)? + (sinx)?
dx (cosx)?

dy 1

dx ~ (cosx)? = (secx)’

Geometrical meaning of f'(c)

Consider the graph of a function

y=fx)

f(c+h)-f(c)

24
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fle+h)—f(c)
h

Represents the ratio of height to base of the angle the line joining the point
P(c,f(c)) and Q (c+h,f(c+h))

i.e

flet ) —f(©) _,

A an@

Where 6 is the angle the line joining the point P and Q makes with the positive
direction of x axis.

In the limiting case as h— 0 i.e as Q— P the line PQ becomes the tangent line
and the the angle 8 becomes the angle a which the tangent line makes with
the positive direction of x axis

i.e

y flc+h)—f(c)
1m
h—-0 h

= f'(c) = tana = m (the slope of the tangent)
Application to Geometry

To find the equation of the tangent line to the curve y=f(x) at x=xo

The equation of line passing through the point (x,, f (X)) is give by
y — f(x0) = m(x — x0)
Where ‘ m’ is the slope of the tangent line.
As, we have seen
m = f"(xo)
The equation is therefore
y— f(x0) = f'(x0)(x — x0)
In the above example if we take

f(x) = x? and the point x, = 1



The equation to the tangent at the point is given by

y— f(xo) = f'(x0)(x — xp)

Or
y—12=2x1(x—-1)
where
flxo) =x¢=1%and f'(xg) =2Xxo=2x%1
i.e

the equation is
y—1=2(x—-1)
Derivative as rate measurer

Remember the definition

li
h—-0

MG Rd (OB

The quantity

fle+h)—f(c)
h

measures the rate of change in f(c)wth respect to change h in
Consider the linear motion of a particle given as
s=f()
Where ‘s’ denotes the distance traversed and ‘t’ denotes the time taken
The ratio
S
t
Denotes the average velocity of the particle

To calculate the local velocity or instantaneous velocity at a point of time
t=t,we proceed in the following way

!

c

!

26
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Consider an infinitesimal distance ’ s’ traversed from time t=t, in time’ 8t

The ratio
os
ot
Still represents a average value of the velocity

The instantaneous velocity at t=t; can be calculated by considering the
following limit

y os
5150 6t

or

_ds

T

Where ‘v’ represents the instantaneous velocity which is defined as rate of
change of displacement

Similarly, we can write the mathematical expression for acceleration

As

dv
dt

Or the rate of change of velocity

Example
If the motion of a particle is given by
s=f(t)=2t+5
Which is linear in nature, we can calculate velocity at t=3

ds
U(t:?)):%:Z

It is clear that the velocity is independent of time ‘t’.

27



i.e
the above motion has constant or uniform velocity.

And, therefore, the acceleration

=—=0
dt

a

Or the motion does not produce any acceleration.
Consider another motion of a particle given as

s=f(t)=2t*+3
Here the velocity at t=3 can be calculated as

ds
v(t=3)=E=4t=4x3=12

And the acceleration

=—=4
dt

a

Therefore we can say that the motion is said to have constant or uniform
acceleration

Derivatives of implicit function

Consider the equation of a circle

This is an implicit function

Lets differentiate this equation with respect x throughout, we get

28



29

Derivative of parametric function
The equation of a circle can also be written as
X =rcost
y = rsint
This is called parametric function having parameter ‘t’

In this case

dy
dy {d¢ _ reost X =X

dx dx —rsint -y vy
dt

Derivative of function with respect to another function

Consider the functions

y=f()
z=g(x)
dy _f'(
dx g'(x)
Example
Let
y = sin(x)
z=x>

dy f'(x) cosx
dx g'(x) 3x2

Derivative of composite function
Consider the function

y = f(u) whereu = g(x)

Theny is called a composite function



In this case

dy dy du

dx du X dx dx

This is called Chain Rule. This can be extended to any number of functions.

Example
1.Let
y = sinx?
This can be written as
y = sinu
And
u = x?
Applying chain rule, we have
% Z—z X 3—1; = cosu X 2x = 2xcosx>
2.let
y = tane*”
This can be written as
y = tanu
And
u=-e"
v = x?

Applying chain rule, we have

30
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d d du dv
Y Y X — X — = sec?u X eV X 2x = sec?e*’ x e*’ x 2x

E du dv dx

Derivatives of inverse function

As 6x = 0,6y also —- 0

Which follows from the fact that
y = f(x) being a dif ferentiable function is a continuous function

And the condition of continuity guarantees the above fact

Derivative of inverse trigonometric function

Let
y = sin"1x
Where ye (—gg)
This can be written as
x = siny
dx
E = cosy
Or
dy 1 1 1 1
T IV -x3) V(-1

dx cosy (1 - sin?y)

Since cosy is positive in the domain
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Let
y = cos™1x
Where ye(0,m)
This can be written as
X = cosy
dx _
oy = —siny
Or
d_y _ -1 -1 —1 -1

dx  siny FV( - cos?y) - FV(1 - x2) - V(1 - x2)

Since siny is positive in the domain

Let
y = sec”1x
Where ye (0, g) U (gn)
This can be written as
X = secy

dx

E = secy X tany
Or

dy 1 1 1

1
dx secy X tany B x\/(seczy -1) B x(F/(x2 — 1)) B IxI\/(l —x?)
Since secy X tany is positive in the domain
Let

y = cosec™1x
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T

Where ye (—%, 0) U (O'E)
This can be written as

X = cosecy

dx

o = —cosecy X coty

Or

dy ~1 -1 -1 -1
dx  cosecy X coty xV(cosec?y — 1) - x(F/(x2 = 1)) V(@ - x?)

Since cosecy X coty is positive in the domain

Let
y =tan"1x
This can be written as
x = tany
dx 5
@ = sec“y
Or
dy 1 1 1
E:seczy: 1+tan2y: 1+ x?
Let
y = cot™1x
This can be written as
X = coty
dx

& = —cosec?y
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Or

dy -1 -1 -1
dx cosec?y 1+ cot?y 1+ x2

Higher order derivatives

Let

y=fkx)

Is differentiable and also

dy_ ,
E—f(x)

Is differentiable. Then we define

d <dy) d?y
dx

ax\dx) a1
L G+ 60) — £
1m

8x-0 0x

This is the 2". Order derivative of the function

Similarly we can define higher order derivatives of the function
Example

Let
y=fl)=x3+x*+x+1

d—yzf’(x)=3x2+2x+1
dx

d?y

W=f”(x)=6x+2



Consider the Function

y = f(x) = Acosx + Bsinx

Here
dy .
T f'(x) = —Asinx + Bcosx
d2
d_x)zl = f""(x) = —Acosx — Bsinx = —y
i.e in this case
d2
—+y=0
dx? 7
Monotonic Function
Increasing function
Consider a function
y=fx)

If x, > x; implies f(x;) > f(xy)

Then the function is increasing

Example
y=fx)=x+1
f(2)=2+1=3
f)=1+1=2
or

f(2)>f()
Therefore the function is increasing

Graph of the function

35
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Decreasing function

Consider a function

y=f(x)
If x, > x; implies f(x;) < f(xy)

Then the function is decreasing

Consider the function

1
y=f(x)=;

1

f@) =5

1

f(1)=I=1

Or
f2)<f@)
Therefore the function is decreasing

Graph of the function

36
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A function either increasing or decreasing is called monotonic.
Derivative of Increasing Function

If f(x) is increasing, then

f@+5ﬂ—f@)>o

S = 5

1
xX—

i.e

for increasing function the derivative is always positive

Derivative of Decreasing Function

If f(x) is decreasing, then

f'(x) = lim foet6x) ~ f(x) <0

6x-0 0x

i.e
for decreasing function the derivative is always negative
example

let

y=fx)=x+1



Y =150
dx [ =
Therefore the function is increasing

Let

Therefore the function is decreasing

Let
y=f(x)=x?
dy ,
a—f(x)—Zx
>0forx>0
<0forx<0

Therefore the function is increasing for x > 0 and decreasing for x < 0

Graph of the function

y = f(x) = x*

(€]

"
/
\\.

38
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MAXIMA AND MINIMA OF A FUNCTION
Consider a function
y=fx)

Consider the point x=c
If at this point

f(c) > f(c + h),where |h| < 6
Then f(c) is called local maximum or simply a maximum of the function
If at this point

f(c) < f(c+ h),where |h| < &
Then f( c) is called a local minimum or simply a minimum

A function can have several local maximum values and several local minimum
values in its domain and it is possible that a local minimum can be larger than a
local maximum.

If f(c)isalocal maximum then the graph of the function in the domain
(c—8,c+6)

Will be concave downwards

If f(c)isalocal minimum then the graph of the function in the domain
(c—8,c+6)

Will be concave upwards
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maiximum
maiximum
maiximum
minimum
minimum
f —
maximum
| maximum
maximum
minimum
minimum

T L '4\-

Maximum Case
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In other words at a point of local maximum the function is increasing on the
left of the point and decreasing on the right of the point

Therefore the derivative of the function changes sign from positive to negative
as it passes through x=c

f'(c)= 0 f'(c) is not defined

f'(x)>0 / — fl(x)>0 / f'(x)<0

c-h c c+h C_h c C+h

Therefore we conclude that the derivative of the function is a decreasing
function and as such its derivative i.e the second order derivative is negative

Minimum Case

At a point of local minimum the function is decreasing on the left of the point
and increasing on the right of the point

Therefore the derivative of the function changes sign from negative to positive
as it passes through x=c

£'(x)>0 f'(x)<0 f'(x)>0

f'(c)={0

f'(c) is noIdefined

rd ) i T

c-h ¢ cth c-h c c+h
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Therefore we conclude that the derivative of the function is a increasing
function and as such its derivative i.e the second order derivative is positive

In either maximum or minimum case the 1%. derivative of the function is zero
or is not defined at the point of maximum or minimum

The point x=c where the derivative vanishes or does not exist at all is called a
critical point or turning point or stationary point.

A function can have neither a maximum nor a minimum value
Example

Consider the function

y=f(x)=x°

Here

dy 2

—~ =3

dx x
This vanishes at x=0
And

d?y

W = 6x

Which also vanishes

Therefore we may conclude that the function does not have maximum neither
minimum value
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Point of inflexion

/ point of inflection

\

If a curve is changing its nature from concave downwards to concave upwards
as shown in the figure or vice versa, then at the point where this change occurs
is called the point of inflexion. In other words on one side of the point of
inflexion the curve is concave downward and on the other side the curve is
concave upward or vice versa

In the above figure,

On the left side of point of inflexion a maximum value occurs and to the right
side of point of inflexion a minimum value occurs.

In other words, remembering the condition of maximum and minimum, we can
say,

The 2™ order derivative changes its sign from negative to positive as in the
case given in the figure or vice versa.

In other words the point of inflexion is the point of either maximum or
minimum of the 1% derivative of the function

Hence at the point of inflexion the 2" order derivative vanishes or is not
defined and the 2. order derivative changes its sign as it passes through the
point of inflexion



i.e at the point of inflexion

1 ey _ f"(x) = 0 oris not defined
T odx?

2. The 2™.order derivative changes sign as it passes through the point
Example

Consider the function we discussed earleier

y=f(x)=x°
Here
dy 2
— =3
dx x
This vanishes at x=0
And
d?y
W = 6x
Which also vanishes at x=0
But
d3y
—=6=%0
dx3 >

H

N B O 0 OO

D O D N

iy

Therefore we conclude that

X=0 is a point of inflexion for the curve

44
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Working procedure to find the maxima and minima

1.Given any function, equate the first derivative to zero to find the turning
points or critical points

2.Test the sign of the second derivative at these points. If the sign is negative it
is appoint of maximum value. If the sign is positive it is a point of minimum
value.

3. then calculate the maximum value/minimum value of the function by taking
the value of x as the point

Example

If the sum of two numbers is 10, find the numbers when their product is
maximum

Solution
Let the numbers be x and 10-x

Let

y = f(x) =x(10 - x)

= 10x — x?
dy
—~=10—-2x=0
dx x

x=5
d?y
—=-2<0
dx?

Therefore the function which is the product of the numbers maximum if the
numbers are equal i.e 5 and 5.

EXAMPLE
Investigate the extreme values of the function
fx) =x*—2x%2+3

The critical points are roots of the equation
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fl(x) =4x3—4x =0
Or
fl(x) =4x(x>—-1)=0

Or

Lets check the sign of the 2". Derivative at these points
Now,
f"(x) =43Bx*-1)
f"(0)=4(-1)=-4<0
Therefore x=0 is a point of maximum value.
The maximum value of the function is given as
fX)max = f(0) =3
Now
f"(1)=43-1)=8>0
Therefore x =1 is a point of minimum value.

The minimum value of the function is given as

fmin=f1)=1-2+3=2

Now
f"(-1)=43B-1)=8>0
Therefore x =-1 is a point of minimum value.

The minimum value of the function is given as

f(x)min:f(_l):1_2+3=2
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INTEGRATION AS INVERSE PROCESS OF DIFFERENTIATION

Integration is the process of inverse differentiation .The branch of calculus which
studies about Integration and its applications is called Integral Calculus.

Let F(x) and f(x) be two real valued functions of x such that,

wF@=f00

Then, F(x) is said to be an anti-derivative (or integral) of f(x).
Symbolically we write [ f(x) dx = F(x).

The symbol | denotes the operation of integration and called the integral sign.
'dx' denotes the fact that the Integration is to be performed with respect to x .The function
f(x) is called the Integrand.

INDEFINITE INTEGRAL

Let F(x)be an anti-derivative of f(x).
Then, for any constant ‘C’,

S{F(0) + €} == F(x) = f(x)

So,F(x) + C is also an anti-derivative of f(x), where C is any arbitrary constant. Then,

F(x) + C denotes the family of all anti-derivatives of f(x), where C is an indefinite constant.
Therefore, F(x) + C is called the Indefinite Integral of f(x).

Symbolically we write

[ f(0)dx = F(x) +C,

Where the constant C is called the constant of integration. The function f(x) is called the
Integrand.

Example :-Evaluate [ cosx dx.

Solution:-We know that
isinx = COS X
dx

So, [cosx dx =sinx +C

ALGEBRA OF INTEGRALS

LIIf () + 0] dx = [ f(x)dx + [ g(x)dx

2. [Jkf(x)dx=k/[f(x)dx, for any constant k.

3 laf(x)+bglx)]dx=a/ f(x)dx + b [ g(x)dx,
for any constanta & b



49

INTEGRATION OF STANDARD FUNCTIONS

n le+1
1. f)lc dx—m+C,(n¢—1)
2. Jdx =1n|x|+C
3. [ cosx dx =sinx +C
4, [sinxdx = —cosx +C
5. [ sec’x dx =tanx + C
6. [ cosec?x dx = —cotx + C
7. [secxtanxdx = secx + C
8. [ cosecx cotxdx = —cosecx + C
9. [eXdx=e*+C
Xy = &
10. Ja¥dx =—+C ,(a>0)
11. [tanx dx = In|secx| + C = —In|cosx| + C
12. [ cotx dx = In|sinx| + C = —In|cosecx| + C
13. [ secxdx = In|secx + tanx| + C
14, [ cosecx dx = In|cosecx — cotx| + C
1 R
15. f\/—?dx—sm x+C
16. J—dx=tan"'x +C
1+x
17. J——=—=dx =sec™'x +C
X ]?C -1
L dx = 2
18. J G dx =In|x +VxZ+1|+C
19. fﬁdx=1n|x+\/x2—1|+C
. a?sin®x+b?cos®x
Example:- Evaluate [ ——————dx
2¢in2 2 2
Solution;- [ EEEADCOTX gy

sin%2x

2sin?x+b3cos?x

=J

4sin?x.cos?x

2 2
a 1 b 1
- dx +—
4 fcoszx 4 fsinzx

a? b?
=— [ sec?x dx + — [ cosec®x dx
4 4

Zi [a? tanx — b? cotx] + C

INTEGRATION BY SUBSTITUTION

When the integrand is not in a standard form, it can sometimes be transformed to
integrable form by a suitable substitution.

The integral [ f{g(x)}g (x)dx can be converted to
[ f(®)dt by substituting g(x)by t.
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So that, if [ f(t)dt = F(t) + C,then

[ flgG)}g () dx=F{g(x)} + C.

This is a direct consequence of CHAIN RULE.
For,

—[F{g(0)} + €l = [F(6) + Cl. 5 = (0.5 = Flg(0)}g ()

There is no fixed formula for substitution.

Example:- Evaluate [ cos(2 — 7x) dx
Solution:-Putt = 2 — 7x

So that = = =7 = dt = —7dx
[cos(2 —7x)dx = _71fcostdt
= _71sint+ c
= _71sin(2 —-7x)+C

INTEGRATION BY DECOMPOSITION OF INTEGRAND

If the integrand is of the formsinmx - cos nx, cos mx - cos nx or sinmx - sinnx,
then we can decompose it as follows;

1. sinmx - cos nx:% 2 sinmx - cosnx = %[sin(m + n)x + sin(m — n)x]
2. cosmx - oS nx% [cos(m —n)x + cos(m + n)x]
3. sinmx - sin nx:% [cos(m — n)x — cos(m + n)x]

Similarly, in many cases the integrand can be decomposed into simpler form, which can be
easily integrated.
Example:-Integrate [ sin 5x - cos 2x dx

Solution:- [ sin 5x - cos 2x dx
= %f[sin(S + 2)x +sin(5 — 2)x] dx
= %f(sin 7x + sin 3x) dx
= l[—lcos 7x — = cos Sx] +C
2 7 3

1 1
=——cos7x—=cos3x+C
14 6

sin 6x + sin 4x

Example:-Integrate [

COS 6X + COS 4x

. sin 6x + sin 4x 2sin 5x cos x
Solution:- [————dx = [——
EE— COS 6Xx + coS4x 2cos5xcosx

_ fsin 5x
cos 5x

Put t = cos 5x, so that % = —5sin5x = dt = —5sin5x.dx

T s

COS 6x + cos 4x - 5 t



51

= —%lnlcos 5x|+C
= %lnlsec 5x|+C

INTEGRATION BY PARTS

This rule is used to integrate the product of two functions.
If u and v are two differentiable functions of x, then according to this rule have;

fuvdxzufvdx—f[i—ifvdx]dx
In words, Integral of the product of two functions

= first function X (Integral of second function)
— Integral of (derivative of first X Integral of second)

The rule has been applied with a proper choice of ‘First’ and ‘Second’ functions .Usually
from among exponential function(E),trigonometric function(T),algebraic
function(A),Logarithmic function(L) and inverse trigonometric function(l),the choice of
‘First’ and ‘Second’ function is made in the order of ILATE.

Example:-Evaluate [ x sin x dx

Solution:- x sin x dx
. dx .
= x [ sinx dx—f[a.fsmx dx] dx
= —xcosx + [cosx dx
= sinx —xcosx + C

Example:-Evaluate [ e* cos 2x dx

Solution:- [ e* cos 2x dx = e* cos 2x — [ e*(—2sin 2x) dx
= e* cos2x + 2 [ e* sin 2x dx
= e¥ cos 2x + 2 [e* sin2x — 2 [ e* cos 2x dx]
=e*cos2x + 2e*sin2x — 4 [ e cos 2xdx + K
S0,5 [ e* cos 2x =e*[cos 2x + 2sin2x] + K

. [ e*cos2xdx = % [cos 2x + 2sin 2x] + C (where = K/Z )

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

The irrational forms Va2 — x2 , Vx2 + a? , Vx2 — a? can be simplified to radical
free functions as integrand by putting x = asinf, x = atan 8 , x = a sec 6 respectively.
The substitution x = atan @ can be used in case of presence of x2 + a? in the integrand,
particularly when it is present in the denominator.

ESTABLISHMENT OF STANDARD FORMULAE

dx . _1X
fr_xz—sm ~+C



2 f%=lmn‘1f+C
3 fx jzx_az —sec + C
4, fm ln|x+\/x2+a2|+C
5 | = =Mhlx+Vx2-a?|+C
Solutions
1. Let x = asin 8, so that dx = acos 6 dO and 6 = sin‘lg
_ acosfdf  racosf _ _ —wia—1X
f\/az—xz f\/az—azsinze - facosedg - fd@ =0+ C=sin a +C
2. Let x = atan @, so that dx = a sec?0 d6 and 6 = tan_lg

. f dx f asec?0 do _f asec’0 df f asec?0

do==[do =20 +C
a a

x2+a? - a?tan20+a? Y a?(tan20+1) Y a2sec26
1 _
= Ztan I+ C
a a
3. Let x =asecB,sothat dx = asecOtan0 dO and 6 = sec‘li

f f asecOtan6 df f asecfHtan® _lfde
x\/xz—a2 aseCGVazsecze a? asecOatan®

=20+C =-sec’ti4c
a a a

4. Let x = atan @, so that dx = a sec?0 dé.
dx asec?0 do asec?6
c == s = [ 5 d0=/ sec0 df = In|secd + tan 6] + K
=In|[VEan?0 + 1 + tan 6| + k=ln | [5 + 1+ + K
i [
:ln|x +Vx? + a2| + K —In|a|
=ln|x+\/x2 +a2| +C (Where C=K —In|a| )
5. Let x = asec@, sothat dx = asecOtan0 db
asecOtan6 do asecOtan0
J‘\/xz—az J‘\/azsecze—az _f atan@ do —ISGCQ do

—lnlseCH +tanf| + K —ln|sec9 + Vsec?0 — 1| +K

ln - /—— ‘ +K
—|p [FHx2-a? x+Vx2—q?
=In|x + \/x2 — a2| + K —1In]|a|
=1n|x+\/x2 —a2| +C (Where C=K —In|a| )

SOME SPECIAL FORMULAE

1. f\/az—xzdx—gv —x2+—sm1 +C

2. fmdx—;—cm+7ln|x+m|+(]
2

3. f\/xz—azdx—gv az—a?ln|x+\/x2—a2|+C

52
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Solutions:

1. [Va? —x2dx = [1 -Va? — x2dx
= xVa? =7 ~ [ x () dx
= e =32 + [ S dx

=xVa? —x2 + fa _(a _xz)d
=xva? —x? + azf '—az—xz — [Va? — x?dx
Zf\/az—xzdxzx\/az—x2+a2f—%
=xVa? — x? +a25in_1§+l(
2
[Va? — x2dx = §Va2 —x? +%sin‘1§+ C (WhereC = g)

2. JVx? +a%dx = [1 -Vx? + a?dx

= x\/x2+a2—fx(222ﬁ)dx
= 2 2

= xVx?+a fwdx

= xVaZ a? - [ gy

:x\/x2+a2—f\/x2+a2dx+a2f\/%
2 [VxZ +a%dx = xm+a2f\/%
S0, 2 [VxZ + a%dx = xm+a21n|x+m|+l{
[T @dx = iVt @ + S lnfx + VaF F 2| + C
(WhereC=§)

3. [Vx2 —a%dx = [1 -Vx2 — a?dx

_ 2x
= xVx? — a? —fx(z = )dx
= xVx?—a?— f\/de
X\/Xzi f(x —a2)+a
x2_a2

:x\/xz—az—f\/xz—azdx+a2f%
2 [Vx? —aZdx = xm—azf%
So, 2 [VxZ — a2dx = xVx? —a? — a?In|x + Vx2 — a?| + K
fmdx=;—cm—a;ln|x+\/W|+C
(WhereC=§)

METHOD OF INTEGRATION BY PARTIAL FRACTIONS

If the integrand is a proper fraction E ; then it can be decomposed into simpler

partial fractions and each partial fraction can be integrated separately by the methods outlined
earlier.




SOME SPECIAL FORMULAE

dx 1 x—a
1. fx—z—az = le’l m +C
dx a+x
2. f—az_xz——l —|+C
Solutions:
L N G S
L We have, x2—a?  (x—-a)(x+a) 2a (x—a x+a)

:i[lnlx—al In|x + al]
f Zd"z 20 N () +C
X4—a 2a x+a1
2. We have

" a2—x2 = (a+x)(a—x)

= wnt)
Jamm =) (Gt o) dx

:i[ln|a+x| —lInla—x|]+C

a+x

+C

f dx _ 1 ln
a?—x2 2a

a—x

x%+1
(x=1)2(x+3) x

Example:- Evaluate [

x%+1 A B C

Solution:- Let ————=—+——+—— -

(x=1)2(x+3) x-1 (x-1)2  x+3
Multiplying both sides of (1) by (x — 1)?(x + 3),

= x2+1=A(x-1D(x+3)+B(x+3)+ C(x —1)?

Putting x = 1 in (2),we get,B = %

Putting x = —3in (2),we get,10 = 16C = C =

Equating the co-efficients of x2 on both sides of (2), we get
1=A+C=4A=1-2=2

Substituting the values of A,B &C in (1) ,we get

o |lun

X413, 1 1 1 5.1
(x-1)2(x+3) 8 x-1 2 (x-1)2 8 3
f x“+1
(x 1)2(x+3)
- E 4x _f +3rax
(x 1)2 x+3
= glnlx—1|+§ln|x+3|— L _+cC

2(x-1)

54
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Examgl - Evaluate fmdx

Solution:- Let —=~— = A4 4 B¥*¢
(x—1)(x%2+4) x—1 x2+4

Multiplying both sides of (1) by (x — 1)(x? + 4),we get

x =A(x?+4) 4+ (Bx + O)(x — 1)-------------- 2)

Putting x = 1in (2), we get,A = %

Putting x = 01in (2), we get,0 =44 —C = C =4A = C =

Equating the co-efficients of x2 on both sides of (2), we get
1

0=A+B=B=-:
Substituting the values of A, B and C in (1) we get
x 1 1 (x—4)

x—Dx2+4) 5(x—1)_§(x2+4)

X x—4
f(x—l)(x2+4) _f___ x2+4
_ 1, dx 1 xdx
—gfﬁ"fx% i z+4
_ xdx
=3/ rofxz+4 fxz+4

=1 1l =L .
—51n|x 1] 10lnlx +4|+5tan (2)+C

2
Example:- Evaluate [ —————dx

(x24+1)(x2+4)

S 2 _ x? _ y
Solution:- Let x _yThen(x2+1)(x2+4) = 5D

y - A B
L GG = 5 T e "
Multiplying both sides of (1) by (y + 1)(y + 4),we get
y=Aly+4)+ By +1)--—--—---- (2)
Putting y = —1 and y = —4 successively in (2),we get,A = —% andB = g
Substituting the values of A and B in (1),we get
0 1 4
C+D(C+) 300+ | 3(0+4)
Replacing [ by (12, we obtain
o? 1 L4
(0241)(02+4) 3(u2+1) 3(0 2+4)

—x T — —
f(x2+1)(x2+4) fx2+1 fx2+4
= —ltan" x+—tan‘1(f)+C
3 3 2
DEFINITE INTEGRAL

If f(x) is a continuous function defined in the interval [a,b] andF(x) is an anti-
derivative of f(x) i.e., dF—(x) = f(x) ,then the define integral of f(x) over [a,b] is denoted by

f:f(x )dx and is equal to F(b) — F(a)
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i.e., [ f(x)dx = F(b) — F(a)

The constants a and b are called the limits of integration. ‘a’ is called the lower limit and ‘b’
the upper limit of integration.The interval [a,b] is called the interval of integration.

Y
A
=f(x)
o 4 d b X
Geometrigally, the definite integral f; f(x)dx is the AREA of the region bounded by the
curve y =¥ f(x) and the lines x = a,x = b and x-axis.

EVALUATION OF DEFINITE INTEGRALS

To evaluate the definite integral f: f(x)dx of a continuous function f(x) defined on [a, b],
we use the following steps.

Step-1:-Find the indefinite integral [ f(x )dx
Let [ f(x)dx = F(x)

Step-2:-Then, we have
[7 f(x)dx = F(x)]5=F(b) — F(a)

PROPERTIES OF DEFINITE INTEGRALS

1. [} f)dx = = [ f(x )dx

2. [ fGodx =[] fy)dy =[] f(z)dz

i.e., definite integral is independent of the symbol of variable of integration.
3. [MfGdx= [ fG)dx= [ f(x)dxa<c<b

4, foaf(x)dx=f0af(a—x)dx,a>0

a _ 20 fdx,  iff(=x)=f(x)
> IAC )dx'[ 0, =1

2a _ 2l f(x)dx,  iff(2a-x)=f(x)
6. Jo f(x)dx—[ o iffamn=—f)

Example:- Evaluate fol xtan™'x dx



Solution:-We have, [ xtan™tx dx = —tan Iy — —f
dx

x%+1
(x%2+1)-1

2+1
x

271:an x——fd += f
=2 tan~'x — X+ Ztan~x
2 2" 2

—tan x——f

x2+1

1
1 _ x%+1 _ x

[~ xtan™lx dx = [— tan~lx — —]
0 2 2

1

- 1 4
=tan™11 —--=--=
2 4 2

0

a
Example:- Evaluate | />__sinx

sinx+cosx

Y .
Solution:-Let |:f f2__sinx

sinx+cosx

_ Sln(——x)
f Sln(——x)‘l‘COS(E—x) dx

f COSX
cosx+sinx

Vs
. 2l=1+1= f /2 sinx dx+f0 /2 cosx _ fo /2 (smx+cosx)

(sinx+cosx)

sinx+cosx COSX+Sile

:fo/z dx:x]o/2 ==

f"/z sinx

0 sinx+cosx

NE

AREA UNDER PLANE CURVES
DEFINITION-1:-

dx

57

Area of the region bounded by the curve y = f(x), the X-axis and the linesx = a,x = b is

defined by

Area=|[ ydx| = | [ f(x)dx|

v
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DEFINITION-2:-Area of the region bounded by the curve x = f(y), the Y-axis and the lines

y = ¢,y = d is defined by
Area=|[ xdy| = |/ Fay|
Y

v

Example:-Find the area of the region bounded by the curve y = 3%, x-axis
and the lines x = 4, x = 2.

Solution:-The required area is defined by

4
A=f4e3xdx =Llg3x| = 1(612x — e6%)
2 3 2 3

Example:-Find the area of the region bounded by the curve xy = a?, y-axis
the linesy = 2,y =3

2
Solution:- We have, xy = a? = x = a;

~ The required area is defined by
-3 — 2 (3 _r,2 3_ .2 — 42 3
A=[ xdy = a® [ S = [a’lny]3 = a?(In3—In2) =a ln(z)

Example:-Find the area of the circle x2+y? = a?

Solution:-We observe that, y = va?—x?2 in the first quadrant.

Y

A

(@0) %

~ The area of the circle in the first quadrant is defined by,

A= foavaz—x2 dx

and
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As the circle is symmetrically situated about both X —axis and Y —axis, the area of the circle
is defined by,

a
A=4 [ "Va?—x? dx
x a? ., _qx
:4|—\/a2—x2 + —sin~'=
2 2 alg
2

a? . _ T
=47sm 11=26125=7Ta.

a

DIFFERENTIAL EQUATIONS

DEFINITION:-An equation containing an independent variable (x), dependent variable (y)
and differential co-efficients of dependent variable with respect to independent variable is
called a differential equation.

For distance,

d .
1. 2 = sinx + cosx
dx

dy — .3
2. dx+2xy—x

3. y=x3—z+ ’1+(Z—i)2

Are examples of differential equations.

ORDER OF A DIFFERENTIAL EQUATION
The order of a differential equation is the order of the highest order derivative
appearing in the equation.

2
Example:-In the equation, 3732’ + 3% + 2y = e”*,
The order of highest order derivative is 2. So, it is a differential equation of order 2.

DEGREE OF A DIFFERENTIAL EQUATION

The degree of a differential equation is the integral power of the highest order
derivative occurring in the differential equation, after the equation has been expressed in a
form free from radicals and fractions.

. : . . . d3y dy 2
Example:-Consider the differential equation 5 6 (E) -4y =0
In this equation the power of highest order derivative is 1.So, it is a differential equation of
degree 1.

Example:-Find the order and degree of the differential equation
3/
[1 + (E) ] =K dx?
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Solution:- By squaring both sides, the given differential equation can be written as

K> (dz—y)2 _ [1 + (‘jl—y)z]3 =0
dx? dx
The order of highest order derivative is 2.So, its order is 2.
Also, the power of the highest order derivative is 2.So, its degree is 2.

FORMATION OF A DIFFERENTIAL EQUATION
An ordinary differential equation is formed by eliminating certain arbitrary constants
from a relation in the independent variable, dependent variable and constants.

Example:-Form the differential equation of the family of curves  y = asin(bx + ¢), a and
¢ being parameters.

Solution:-We have y = a sin(bx + ¢) ------------- 1)

Differentiating (1) w.r.t. x, we get
X (L R B —— )

dx =
Differentiating (2) w.r.t. x, we get

Ly _ —ab?sin(bx + ¢) = ---memmmmemeeeee- (3)

dx?
Using (1) and (3), we get
d_32’ = —bZy
dx

2
o % + b2y =0
This is the required differential equation.

Example:-Form the differential equation by eliminating the arbitrary
constant in y = Atan™x.

Solution:-We have, y = Atan™x = ---------e--mmeo- (1)

Differentiating (1) w.r.t. x, we get

dy A L L
dx  1+x2 (2)

Using (1) and (2), we get
@o_ Yy
dx = (1+x2)tan1lx
S+ xz)tan_lxz—z =y
This is the required differential equation.

SOLUTION OF ADIFFERENTIAL EQUATION
A solution of a differential equation is a relation (likey = f(x) or f(x,y) =
0)between the variables which satisfies the given differential equation.

GENERAL SOLUTION
The general solution of a differential equation is that in which the number of
arbitrary constants is equal to the order of the differential equation.
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PARTICULAR SOLUTION
A particular solution is that which can be obtained from the general solution by
giving particular values to the arbitrary constants.

SOLUTION OF FIRST ORDDER AND FIRST DEGREE DIFFERENTIAL
EQUATIONS

We shall discuss some special methods to obtain the general solution of a first order
and first degree differential equation.

1. Separation of variables
2. Linear Differential Equations
3. Exact Differential Equations

SEPARATION OF VARIABLES

If in a first order and first degree differential equation, it is possible to separate all
functions of x and dx on one side, and all functions of y and dy on the other side of the
equation, then the variables are said to be separable.Thus the general form of such an
equation is f(y)dy = g(x)dx
Then, Integrating both sides, we get

[f()dy = [g(x)dx + C as its solution.

Example:-Obtain the general solution of the differential equation
dy
9ya +4x =0

Solution:- We have, 9yZ—i +4x =0
dy _ _
= 9ydy = —4x dx
Integrating both sides, we get
9 [ydy = —4 [ xdx

2.2 =%,2
=y =X + K
=9y%2 = —4x2+C (Where C=2K)

= 4x% +9y2 =C
This is the required solution
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LINEAR DIFFERENTIAL EQUATIONS

A differential equation is said to be linear, if the dependent variable and its differential co-
efficients occurring in the equation are of first degree only and are not multiplied together.
The general form of a linear differential equation of the first order is

dy — ) e

Where P and Q are functions of x.

To solve linear differential equation of the form (1),
at first find the Integrating factor = e/ P & —cceeeee . @)

It is important to remember that

LF =l Pax
Then, the general solution of the differential equation (1) is

y.(I.F)=[Q.(I.F)dx + C  ------=mm-mmmemmmm- (3)
Example:-Solve Z—Z + ysecx =tanx
Solution:-The given differential equation is
Z—Z + (secx)y =tanx ------m-m-m-m--e- (1)
This is a linear differential equation of the form
Z—z+ Py =Q ,where P =secxand Q = tanx
| E= o) Prdx = gfsecxdx —pln(secx+tanx)

So, l.F=secx +tanx

. The general solution of the equation (1) is
y.(I.LF) = [Q(.F)dx + C

> y (secx +tanx) = [ tanx (secx +tanx)dx + C
= y (secx +tanx) = [(tanx secx + tan®x)dx + C
= y (secx +tanx) = [(tanx secx + sec?x — 1)dx + C
= y(secx +tanx) =secx +tanx —x + C
This is the required solution.

Example:-Solve: (1 + xZ)Z—z +2xy —4x2 =0

Solution:-The given differential equation can be written as
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d
(1+ xz)d—z + 2xy = 4x*

dy 2x 4x2

dx  1+x2 - 1+x2 T (1)
This is a linear equation of the form Z—z +Py=0Q,
2x 4x?
Where P = ——and Q = —;
We have, |.F = efP'dx = efo/(1+x2)dx = eln(1+x2) =14 x2 -ccmmmmmmeeeee (2)

~The general solution of the given differential equation (1) is
y.(.LF)=[Q.(I.F)dx + C
= y(d+x?)= fff; (1+xHDdx+C
= y(A+x?)=4[x*dx+C
=  y(1+x?) =§x3 +C
This is the required solution

EXACT DIFFERENTIAL EQUATIONS

DEFINITION:- A differential equation of the form

M(x,y)dx + N(x,y)dy = 0 is said to be exact if g—’;’ =2

METHOD OF SOLUTION:-

The general solution of an exact differentia equation Mdx + Ndy = 0 is
jde + j(terms of N not containing x)dy = C,

(y=constant)

) oM AN
Provided — = —
dy ox

Example:- Solve;(x? — 4xy — 2y?)dx + (y? — 4xy — 2x?)dy = 0.
Solution:-The given differential equation is of the form Mdx + Ndy = 0.

Where, M = x? — 4xy — 2y? and N = y? — 4xy — 2x?
oM oN
We haveg_ —4x — 4y ==

Since Z—Ay/l = Z—I: , S0 the given differential equation is exact.

The general solution of the given exact differential equation is
fde + f(terms of N free fromx)dy = C

(y=constant)
= [(x? —4xy — 2y*)dx + [y*dy =C
(y=constant)



x3 3
= ?—szy—ny2+y?=C

= x3—6x’y—6xy?+y3=

This is the required solution.

Example:- Solve;(x? — ay)dx = (ax — y?)dy
Solution:-The given differential equation can be written as

(x* —ay)dx + (y* —ax)dy = 0 ---------emmmee- (1)
Which is of the form Mdx + Ndy = 0,
Where,M = x? — ay and N = y? — ax.
We have 22 = —q and & = —q
dy dx
. 9M _ 9N . . :
Since %y = o the given equation (1) is exact.

= The solution of (1) is [(x% — ay)dx + [y?dy =C
(y=constant)
X3 y3
= 3 Ty + 37 C
= x3 - 3axy +y? =,

Which is the required solution.
Example:- Solve; ye*dx + (xe*®” + 2y)dy = 0.
Solution:- The given differential equation is ye*dx + (xe* + 2y)dy = 0,

Which is of the form Mdx + Ndy = 0.

Where,M = ye*” and N = xe™” + 2y
oM oN
We have ke e + xye™ = P
So the given equation is exact and its solution is
[ye*¥dx + [ 2ydy = C.
(y=constant)
=>e +y2=C

Example:- Solve; (3x% + 6xy?)dx + (6x%y + 4y3)dy = 0

Solution:- The given equation is of the form Mdx + Ndy = 0,
Where,M = 3x? + 6xy? and N = 6x2y + 4y3
oM aN
We haVE‘E = 12.X_'y = 9%
So the given equation is exact and its solution is
[(3x? + 6xy?)dx + [(4y®)dy = C

(y=constant)

3x3 6 4

2 22,2 4 a4
= 3 + > x“y“ + 4y C

=>x3+3x%2y2 +y*=C
This is the required solution.
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VECTORS
INTRODUCTION:-

In our real life situation we deal with physical quantities such as distance, speed,
temperature, volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of a certain place and space occupied in a confined portion
respectively.

We have also come across physical quantities such as displacement, velocity, acceleration, momentum
etc, which are of different type in comparison to above.
Consider the figure-1, where A, B, C are at a

distance 4k.m. from P. If we start from P, then —_ =
covering 4k.m. distance is not sufficient to describe
the destination where we reach after the travel, So = 4 km &
here the end point plays an important role giving
rise the need of direction. So we need to study ~ Lo
about direction of a quantity, along with magnitude. .

Fig- 1

OBJECTIVE
After completion of the topic you are able to :-
i) Define and distinguish between scalars and vectors.
ii) Represent a vector as directed line segment.
iii) Classify vectors in to different types.
iv) Resolve vector along two or three mutually perpendicular axes.
v) Define dot product of two vectors and explain its geometrical meaning.
vi) Define cross product of two vectors and apply it to find area of triangle and parallelogram.

Expected background knowledge

i) Knowledge of plane and co-ordinate geometry
i) Trigonometry.

Scalars and vectors

All the physical quantities can be divided into two types.
i) Scalar quantity or Scalar.
i) Vector quantity or Vector.
Scalar quantity: - The physical quantities which requires only magnitude for its complete specification is
called as scalar quantities.
Examples: - Speed, mass, distance, velocity, volume etc.

Vector: - A directed line segment is called as vector.




Vector quantities:- A physical quantity which requires both magnitude & direction for its complete
specification and satisfies the law of vector addition is called as vector quantities.
Examples: - Displacement, force, acceleration, velocity, momentum etc.

Representation of vector:- A vector is a directed

line segment ABwhere A is the initial point and B is A > B

the terminal point and direction is from A to B. (see )

fig-2). e

Similarly BA is a directed line which represents a vector e

having initial point B and terminal point A. A M 2
Fig-3

Notation: - A vector quantity is always represented by an arrow (—) mark over it or by bar (=) over it. For
example AB . It is also represented by a single small letter with an arrow or bar mark over it. For example
a.

Magnitude of a vector: - Magnitude or modulus of a vector is the length of the vector. It is a scalar
guantity.

Magnitude of 4B = | AB | = Length AB. = AB

Types of Vector: - Vectors are of following types.

1) Null vector or zero vector or void vector: - A vector having zero magnitude and arbitrary
direction is called as a null vector and is denoted by 0.
Clearly, a null vector has no definite direction. If d = “AB, then d is a null (or zero) vector iff |& |: Oi.e.if
|4B |=0
For a null vector initial and terminal points are same.

2) Proper vector: - Any non zero vector is called as a proper vector. If | a | # 0 then ~d is a proper vector.

3) Unit vector : - A vector whose magnitude is unity is called a unit vector. Unit vectors are denoted by a

small letter with ~ over it. For example a. |a|=1

Note: - The unit vector along the direction of a vector ~d is given by

—_—

~ a
a=-—

d|




4) Co-initial vectors:- Vectors having the same

initial point are called co-initial vector.

In figure-4, 0A,0B,0C,0D and OF are Co-initial

vectors.

Y

D

¢}

Fig -4 E

5) Like and unlike vectors: - Vectors are said to be like if they have same direction and unlike if they

have opposite direction.

6) Co-Linear vectors:- Vectors are said to be
co-linear or parallal if they have the same line of
action. In f figure-5 AB and BC are collinear.

7) Parallel vectors: - Vectors are said to be
parallel if they have same line of action or have line
of action parallel to one another. In fig-6 the vectors

are parallel to each other.

8) Co-planner Vectors: - Vectors are said to be

co-planner if they lies on the same plane. In fig-7

vector d, b and ¢ are coplanner.

9) Negative of a vector: - A vector having
same magnitude but opposite in direction to that of
a given vector is called negative of that vector. If d
is any vector then negative vector of it is written as
-dand |d |=|-d | but both have direction
opposite to each other as shown in fig-8.

10) Equal Vectors: - Two vectors are said to be
equal if they have same magnitude as well as

same direction.

Thus @ =b

& 2 > &
Fig -5
N
"y
o
rd
Fig - 6

Fig - 9




Remarks:- Two vectors can not be equal
i) If they have different magnitude .
ii) If they have inclined supports.
iii) If they have different sense.

Vector operations
Addition of vectors: -
Triangle law of vector addition: - The law states that If two vectors are represented by the two sides of a

triangle taken in same order their sum or resultant is represented by the 3™ side of the triangle with

direction in reverse order.

As shown in figure-10 @ and b are two vectors

represented by two sides OA and AB of a triangle

ABC in same order. Then the sum d+b is
represented by the third side OB taken in reverse

-

order i.e. the vector a is represented by the

directed segment 04 and the vector b be the

directed segment AB, so that the terminal point A of
d is the initial point of b. Then OB represents the
sum (or resultant) (a + F) Thus OB =d + b

Note-1 — The method of drawing a triangle in order to define the vector sum (a + b_)) is called triangle law of
addition of the vectors.

Note-2 — Since any side of a triangle is less than the sum of the other two sides

|0B |# |04 |+|4B |

Parallelogram law of vector addition: - If @ and b

are two vectors represented by two adjacent side
of a parallelogram in magnitude and direction, then
their sum (resultant) is represented in magnitude

and direction by the diagonal which is passing

through the common initial point of the two vectors.
As shown in fig-1l if OA is @ and AB is b then OB =11
diagonal represent a + b .

ie.d+b=0A+AB




Polygon law of vector addition: - If @ , b, and d
are the four sides of a polygon in same order then
their sum is represented by the last side of the

polygon taken in opposite order as shown in

figure-12.

Fig - 12

Subtraction of two vectors

If @ and b are two given vectors then the subtraction of b from d denoted by a - b is defined as addition of
-bwith d. i.e. d-b=d+ (-b).
Properties of vector addition:- i) Vector addition is commutative i.e. if a & b are any two vectors then:-
d+b=b+d
ii) Vector addition is associative i.e. if a , B, ¢ are any three vectors,
then (d+b)+é= d+ (b+0)
iii) Existence of additive identity i.e. for any vector a , 0 is the additive
identityi.e. 0+d=d+0= d where 0 isa null vector.
iv) Existence of additive Inverse :- If d is any non zero vector then -d is
the additive inverse of d, so that d@ + (—d) = (-d) + @ = 0
Multiplication of a vector by a scalar : -
If @ is a vector and k is a nonzero scalar then the multiplication of the vector a by the scalar k is a vector
denoted by kd or @k whose magnitude | k | times that of d.
iekd = |k|x|a |
=k x |d |ifk=o0.
=(k) x| d |ifk<0.
The direction of ka is same as that of a if k is positive and opposite as that of d if k is negative.
kd and d are always parallel to each other.
Properties of scalar multiplication of vectors :-
If h and k are scalars and @ and b are given vectors then
i) k (@ + b) =kd + kb
i) (h+k)d = hd + kd, (Distributive law)
iii) (hk)a = h(ka), (Associative law)
iv) 1.d=d

v)0.d=0




Position Vector of a point
Let O be a fixed point called origin, let P be any other point, then the vector OP is called position vector of

the point P relative to O and is denoted by p".
As shown in figure-13, let AB be any vector , then

applying triangle law of addition we have
OA +AB =0B where 0A =d and OB = b .
=>AB=0B-04 =b-d

= (Position vector of B)—( Position vector of A)

Section Formula:- Let A and B be two points with
position vector a and b respectively and P be a
point on line segment AB , dividing it in the ration
m:n. internally. Then the position vector of P i.e.7 is
mb+nd

given by the formula: r = p——

If P divides AB externally in the ratio m:n then 7 =
mb- nd

m-—-n

If P is the midpoint of AB then 7 =

S

a+

w |

Example-1 :- Prove that by vector method the

medians of a triangle are concurrent.

Solution:- Let ABC be a triangle where @, b and ¢
are the position vector of A,B and C respectively.
We have to show that the medians of this triangle

are concurrent.

Let AD , BE and CF are the three medians of the triangle.

b+é

Now as D be the midpoint of BC, so position vector of D i.e. d= -

Let G be any point of the median AD which divides AD in the ratio 2:1 . Then position vector of G is given

N odes 2 AW
by g= 2;”:1“ = ( 23) (by applying section formula)

s _ d+b+¢é
_>g - :




Let G’ be a point which divides BE in the ratio 2:1 ,
a+cé

Position vector of E is é= o

. L 7 28+b Z(T)'HE . .
Then position vector of G’ is givenby g = PR 3 (by applying section formula)

d+b+¢
3

=> g’:

As position vector of a point is unique ,so G=G’.
Similarly if we take G” be a point on CF dividing it in 2:1 ratio then the position vector of G” will be same as
that of G.

Hence G is the one point where three median meet.
. .The three medians of a triangle are concurrent. (proved)
Example2: - Prove that i) ld@ + bl ldl + 16l (itis known as Triangle Inequality).
i) lal - 1bl< 1 — bl
iifla — bl< lal + 15l
Proof:- Let O,A and B be three points, which are not

collinear and then draw a triangle OAB.

G
q
ol

Let 0A=d ,AB=h , then by triangle law of

~

addition we have OB = g+ b 0
From properties of triangle we know that the sum of Fig—16
any two sides of a triangle is greater than the third

side.

= OB<OA+AB
= |0Bl<l0Al + |14B|

S Y P Y [ e ——— (1)

When O,A, B are collinear then
From figure-17 it is clear that

A 4

= 0Bl =104l + |4BI

S L T [ { —— () Fig-17




From (1) and (2) we have,
ld + bl< lal + Ipl  ( proved)
i) lal =1lda—b+bl -meeeeemev (1)

But I(a — b)+b | <l — I+ 16l (From triangle inequality)-------- (2)
From (1) and (2) we get ldl < ld — b+ Ipl

= gl - 16l < 13 — bl(proved)
i) la—pl = ld+ b))l <ldl + I-bl (From triangle inequality)

=lal + Il (as I-bl = 1bl)
ld — bl< lal + Il (proved)

Components of vector in 2D
Let XOY be the co-ordinate plane and P(x,y) be any point in this plane.

The unit vector along direction of X axis i.e. 0X is denoted by i.

The unit vector along direction of Y axis i.e. 0Y is denoted by j.

Then from figure-18 it is clear that OM = x3 and

Y A
ON =yj.
So, the position vector of P is given by
N P
OP=% =x1 + yj
T
And OP =loPl =r=,/x%+y? 0 v > X

Fig-18

Representation of vector in component form in 2D

If ABis any vector having end points A( x4, y;) and B (x,,y,) , then it can be represented by

1_4_§=(x2—x1)7 +(y2—n)Jj




Components of vector in 3D -

Let P(x,y,z) be a point in space and 1,7 and k be
the unit vectors along X axis , Y axis and Z axis

respectively. (as shown in fig-19 )

Then the position vector of P is given by

OP=xi +yj+k, The vectors xi, yJ, zk are z
R
called the components of OP along x—axis, y-axis L /
and z-axis respectively. Fig-19

And OP =l0P| = /x2 + y2 + 22

Addition and scalar multiplication in terms of component form of vectors: -

For any vector @ = a,i +a,j + azk and b = by + b,] + bk
i)d+b= (ay+ b))l +(az+ by)j + (a3 + b3)k
i) @-b= (ay— b))t +(ag— bp)j + (a3 — b3)k
i) k d =ka,i +kayj + kask, where K is a scalar.
iV) @ =b ¢ a;i +a,] +ask =byi +byj + b3k
& a;=by, ay=b,, az=bs

Representation of vector in component form in 3-D & Distance between two points:

If AB is any vector having end points A( x1,¥1,21) and B (x;, ¥, z,) , then it can be represented by
AB = Position vector of B — Position vector of A
=(xp0 + 3’2j + 2212) - (gl + }’J + Z1I€)

= (x2—x)T +(y2—y1)J +(Zz—z1)k

l4Bl= |G, — 0+ (7, -3, + (22— 21’

Example 3:-

Show that the points A(2,6,3) , B(1,2,7) and ¢(3,10,-1) are collinear.

Solution:- From given data Position vector of A, 0A=21+ 6/ +3 k.
Position vector of B, OB =i + 2] + 7k
Position vector of C, 0C =31 + 10j-k

Now AB=0B-0A=(1-2)1 +(2-6) ]+ (7—3) k =-i-4] + 4k.




AC=0C-04=(3—-2)i + (10-6)]+ (=1 —3) k =i+ 4f -4k.
= -(-1-4] + 4k) = - "AB
= ABNAC or collinear.

. . They have same support and common point A.
As ‘A’ is common to both vector , that proves A,B and C are collinear.

Example-4: - Prove that the points having position vector given by 2 1 - +k, i-3f -5k and
31 - 4f - 4kform a right angled triangle. [2009(W)]
SOlution :- Let A,B and C be the vertices of a triangle with position vectors 2 i -j +k, i-3f -5k and
31 - 4f - 4k respectively
Then . AB = Position vector of B — Position vector of A.
=(1-2)1 +(-83—-(-1)) ]+ (=5—1) k = -i-2j-6k.
"BC = Position vector of C — Position vector of B.
=(B-1)1 +(-4—(3)) ]+ (—4—(=5) k= 2i-j+ k.
"AC = Position vector of C — Position vector of A.
=(3-2)1 +(-4=(-1))]+ (-4—1)k =i-3j- 5k.
Now AB = [4Bl = /(-1)2+ (=2)2+ (—=6)2 =V1+4+36= V41
BC= IBCl =22+ (-1)2+12 =Va+1+1= 6

AC = I'ACl = J12+ (=3)2+ (-5)2 =V1+9+25= V35

From above BC? + AC? = 6+35 =41 = AB2.
Hence ABC is a right angled triangle.
Example-5 :- Find the unit vector in the direction of the vector @ = 3i -4] +k. (2017-W)
Ans:- The unit vector in the direction of d is given by

G 3i-4j+k  _3i-4j+k _ 3

a N 4 4 1
= = =1 — +—
Ial Vo+16+1 V26 \/26] V26

k.

a=
J32+(—4)2+12
Example-6 :- Find a unit vector in the direction of @ +b where @ =1+ j- k and b = =i - j+3k.
Ans:- Let7=ad+b= (i +j- k) + (i - j+3k) =2 i+ 2k.

. . . T Fo_2i+2k _ 2142k _ 2 4
Unit vector along direction of a +b is given by = = = = =—it—=k
Irl /22472 V8 8 8

= 2 = Ly -
TRt ! TR RS




Angle between the vectors:-
As shown in figure-20 angle between two vectors

RS and PQ can be determined as follows.

Let OBbe a vector parallel to RS and 04 is a
vector parallel to PQ such that 0B and OA
intersect each other.

Then 6 = L_AOB = angle between RS and PQ.

If 8 = 0 then vectors are said to be parallel.

If 6 :gthen vectors are said to be orthogonal or
perpendicular.

Dot Product or Scalar product of vectors

The scalar product of two vectors a and b whose magnitudes are, a and b respectively denoted
by da. b is defined as the scalar abcosé , where 6 is the angle between a and bsuchthat0< 6 <.

d.b =1dl 1bl cosd = a b cosh

Geometrical meaning of dot product

-

In figure21(a), a and b are two vectors having
0 angle between them. Let M be the foot of the
perpendicular drawn from B to OA.

Then OM is the Projection of b on d and from
figure-21(a) itis clear that,

IOMI = IOBI cos6 = bl cos6.

Now d.b = 1dl (Ib] cos®) = Idl x projection of b on @

Ql
S8

which gives projection of b on d =

—
Ql
=

Similarly we can write a.b = lal 1bl cos@

=1bl (14l cos®) = Ibl projection of @ on b.

B
i
3, A
M
ry
Fig-21




Similarly, let us draw a perpendicular from A on OB B
and let N be the foot of the perpendicular
in fig-21(b).

Then ON = Projection of @ on b

and ON = OAcosé =ldl cos6.

a

Fig-21(b)

Properties of Dot product

) d&.b=b.d (commutative)
iy &.(b+¢&)=d.b+dc  (Distributive)

iy f @b, then d.b=ab {as®=0inthiscase cos0=1}

In particular (d@)? =d.d = al?
ii=jj=kk=1
iv) If d@-Lb,thend.b= {as 8 = 90 in this case c0s90°=0 }

0
In particulari.j= j.k= k.i=0=ji=kj=1ik
0.d =0

ol
1

V) d.
Vi) (@+b).(@—Db)=1dl?- IbI?=a?-b? {Whereldl=a andlbl=b}
viii) Work done by a Force:- The work done by a force F acting on a body causing displacement dis

given by W = F.d

Dot product in terms of rectanqular components

For any vectors @ =a,i +a,] + ask and b = byi + b,] + bsk we have,
a.b= a;b, + ayb, + asbs ( by applying distributive( ii) , (iii) and (iv) successively)

Angle between two non zero vectors

For any two non zero vectors a = a,i + azj' + azk and b= bl + sz + bk, having 6 is the angle between

them we have,

~ T a1bq +azby + azb
cos@=— =ab= e o
\/a12+a22+a32 b12+b22+b32

albl + azbz + a3b3 )

JaErayTrag? by +hy by’

(In terms of components.)

0 = cos™1(




Condition of Perpendicularity: -

Two vectors d@ = a,i + a,] + azk and b = b1 + b,] + bsk are perpendicular to each other
&~aqby + azb, + azb; =0
Condition of Parallelism :-

> A o] ~ > A o ~ a
Two vectors a = a4 + ayj + azk and b = by + b,j + b3k are parallel to each other ¢>b—1

%2 _ E)
1 bZ b3

Scalar & vector projections of two vectors (Important formulae)

Ql
Sl

Scalar Projection of b on d=

5

Ql

” bd.,
a = lgal

Ql
Sl

Vector Projection of b on 4=

]
Ql
[
N
oy

Ql
S0

Scalar Projection of d@ on b=

o
S
o

2l
=l
al
&l

(S
1
S

Vector Projection of @ on b=

[
S|
o
N
I~
o
D
N

Examples: -
Q.- 7. Find the value of p for which the vectors 31+ 2f +9k, i + p j+ 3k are perpendicular to each other.
Solution:- Let @ =3 i+ 2j +9k and b ={ + p j+ 3k.
Herea;=3,a,=2,a;=9
b;=1,b,=p&b3=3
Given da-L1b =>a,b, + ayb, + azh; =0

=> 3.1+2.p+9.3=0

=>3+2p+27=0

=>2p= -30

=>p=-15 (Ans)
Q-8 Find the value of p for which the vectors @ =31 + 2j +9k, b =1+ pj+ 3k are parallel to each other.
( 2014-W)

az _az, 3 _ 2

Solution:- Given @Il b2t = &2 =83 - 2 22 { Taking 1* two terms}
by b, bz 1 p 3

~3= §¢> p =§ (Ans) {Note:- any two expression may be taken for finding p.}

Q-9 Find the scalar product of 3% -4jand 27 + j. (2015-S)
Solution:- (3i-4j) . (=21 + j) = (3%(-2))+((-4)x1) =(-6)+(-4) = -10




Q-10 Find the angle between the vectors 5i +3j + 4k and 6i-8j-k . (2015-W)
Solution:- Let d=5i +3j + 4k and b= 6i-8j-k

Let 6 be the angle between a and b.

aiby + azb, + azbs )

Ja2+az2+as? /b12+b22+b32

5.6+3.(=8)+4.(~1) ) _605_1(30 24— 4) = cos1( 2 )
V52432+42,/62+(-8)2+(—1)2 V504101 /50101

Then 8 = cos™(

= cos ™Y

Q-11 Find the scalar and vector projection of @ on b where,

~

j-k and b= 3i+ j+3k . {2013-W ,2017-W, 2017-S}

L I L > _db _ 13+(-11+(-1)3 _3-1-3 _ -1
Solution:- Scalar Projection of aon b = e e A b T

S

B 1.3+(-1).1+(-1).3

a.
Vector Projection of Gon b = Bz VEI121 )

(3i+ j+3k)

_3-1-3 3+ j+3k) = I_; (3i+ j+3k)

Q-12 Find the scalar and vector projection of b on @ where,
d=31 +j-2k and b= 2i+3j- 4k . { 2015-S}

. L - L _db _ 32+13+(-2).(-4) _ 6+3+8 _ 17
Solution: - Scalar Projection of bon d == = (21 - =

a - [3Z+12+(-2)? V14

B
IS

L - q_ab—> 3.2413+(=2).(=4) /m » . n o7
Vector Projection of bona = — a= (2D (31 +j-2k)

1T pon m e
=5 (3i+ j- 2k).
Q-13If&.5=&.5,thenprovethatdzf)’orl?:EordJ—(f)—E)

>
=a.c

@‘l

Proof:- Given a
= (@b)-(d.¢)=0 =>d.(b-2¢)=0 {applying distributive property}
Dot product of above two vector is zero indicates the following conditions
d=0 orb-¢é =3 or al(p-2)
= g=0or b=cor aL(b-&) (proved)
Example:-14 Find the work done by the force F= i+j- k. acting on a particle if the particle is displace A
from A(3,3,3) to B(4,4,4).
Ans:- Let O be the origin, then
Position vector of A 04 = 3i+3j+3k

Position vector of B 0B = 4i+4j+ 4k




Then displacement is given by, d = AB = (0B - 0A4) = (4i+4j+ 4k) - ( 3i+3j+3k) = i+j+ k.
So work done by the force W = F.d = F. 4B = (i+]- k). (+j+ k)
= 1.1+1.1+(-1).1 = 1 units
Example:-15 If @ and b are two unit vectors and 6 is the angle between them then prove that
sing = %Ia- bl

Proof: - (la- 52 = (a-b). (a- b )= (a.a) - (a.b ) -(b.a) + (b.b ) { Distributive property}
=(lal)?-(a.b)-(a.b)+ (1b1)? {commutative property}
=1%2-2a.b+1? {asa and b are unit vectors so their magnitudes are 1}
=2-2a.b=2(1-a.b)
=2(1-1al.1blcosb) { as @ is the angle between @ and b }
=2(1-1.1.cosh)
=2(L-cos6) =2 .2sin?S

Taking square root of both sides we have la- bl =2 sing

= sing = %Ia- bl (proved)

Example:-16 If the sum of two unit vectors is a unit vector. Then show that the magnitude of their
difference is V3.
Proof:-4,b and ¢ are three unit vectors such that a+ b = ¢
Squaring both sides we have,
= (la+b > =(1¢1)?
= (lab?+(1bD?+2a.b=12
=> 12+1%2+21lallblcosf® =1 {where @ is the angle between @ and b }
=1+4+1+2cosf=1
=>2cosf =-1
=>cosf = _71
Now we have to find the magnitude of their difference i.e a- b.
So (la-bD?=(lah?>+(1hN%*-2a.b=1>+12-21allblcos@
=2-2c0s0=2-2(3)=2-(-1)=3

~la-b1=+/3 (Proved)




Vector Product or Cross Product

If Gand b are two vectors and 6 is the angle between them , then the vector product of

these two vectors denoted by a X b is defined as

d Xb=1dl.lblsinon

where 7 is the unit vector perpendicular to both aand b.
As shown in figure-21 the direction of a xb is A

always perpendicular to both dandb.

Fig 22

Properties of cross product

) Vector product is not commutative @ xb #b xd
ii) For any two vectors dand b, @ xb=-(b xa)
iii) For any scalarm, m (@ xb) =(md) X
iii) Distributive @ x(b+¢&)=(@ xb)+(@ x&)
iv) Vector product of two parallel or collinear vectors is zero.
d xd=0 andifdllb then @ xb=0 {as@=0or180°=>sing =0}

Using this property we have,
ixi=jxj=kxk=0
v) Vector product of orthonormal unit vectors form a right handed system.
As shown in figure- 23 the three mutually
perpendicular unit vectors 7, j, k form a right
handed system , i.e. ixj= k=-jx0D ® 7
(as 6 =90, thensinf =1)

~

jxk=t=-(kxJ) )?G :
kxi=j=-(ixk) %

X

2> $

Fig-23




Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors dand bis

S ]

X

Ql

givenby n-= .

S0

X

Ql

Angle between two vectors

Let 6 be the angle between gand b . Then @ xb=(1dl.1b Isin6)A.

Taking modulus of both sides we have,

ld xbl=1d1.1b1sing

= sing =

Geometrical Interpretation of vector product or

%

cross product

LetOA =G and OB =b.

Thend xb=(dl.1blsing) A

°}

=(1dl).(1b1sino)A
From fig-24 below it is clear that

BM=OBsing=Iblsin6=1dllBMl 7
. Fig-24

{ as sin 8 = BM/OB &0B = b}

Now | @ xbl =1d1lBMI 141=0A.

BM = Area of the parallelogram with side a and b.

Therefore the magnitude of cross product of two vectors is equal to area  of the parallelogram

formed by these vectorsas two adjacent sides.

From this it can be concluded that area of A ABC =¥ IAB . AC|

Application of cross product

1. Moment of a force about a point (1\7) :-Let O be any point and Let 7’ be the position vector w.r.t. O of

any point ‘P’ on the line of action of the force F , then the moment or torque of the force F about origin ‘O’
is given by

— -

M=% XF




2. 1f dgand b represent two adjacent sides of a triangle then the area of the triangle is given by

A =-ld xbl Sq.unit

3. If gand b represent two adjacent sides of a parallelogram then area of the parallelogram is given by
A= ld xbl Sg.unit

4. If dgand b represent two diagonals of a parallelogram then area of the parallelogram is given by
A =-ld xbl Sqg.unit

Vector product in component form : -

Ifd = a,i +a,] + azk and b = byi + b, + bsk.
d Xb=(ayi +ayj + azk) x (byi +byj + bsk)
=a;b (I x1) +aby (1 X )+ aybs(ix k)+ ayby (X )+ ayby(f X j)+ apbs(j X k)
+ash(k x 1)+ azh,(k xj)+ azbs(k x k)
{ using properties ixi= jxj= kxk=0 ,ixj= k=-(jx1),jxk=i=-(kx}) and
kxi=j=-(ixk) }
= (azbs - azb,) 1 +( azby - a;b3 ) j + (a1b; - azhy ) k

~ ~

PGk AN
= a a, as |e C_i X b - a a, as
by by b3 by by b3

Condition of Co-planarity

If three vectors &, band ¢ lies on the same plane then the perpendicular to @ and b must be perpendicular
to C.
In particular (@ xb)L¢ =>(@ xb).c=0

In component form if d = a,i + a,] + agk,b = byl +b,] + b3k and &= ¢;i +c,] + 3k

Then (@ xb).2=0

= (azbs - azby) c1+( azby - a;bs) ¢+ (arby - azby )c3 =0
Ci € C3

= |21 a2 a3z|=0 (interchanging rows two times R, andR, then R, and R3)
by b, bs
a; d; as

= bl bz b3 = O
1 C (3




Example:- 17
lfd=1 +3j-2k and b = — i+3k then find | & x bl

P Rk
Ans:-Wehave d Xxb=|a; a, as|=|1 3 =2
by b, b3 -1 0 3
= {(3x3)-(0x (=2))} - {( X3 (-)x (=2} +{(1x O)( (1)x 3)} k
=91-7+3k

2ld xbl =,/92+ (—1)2+3%2 =\B1+1+9= V91 (Ans)
Example:-18 Determine the area of the parallelogram whose adjacent sides are the vectors
d=21and b = 3j. (2013-W)
Ans:- Area of the parallelogram with adjacent sides given by a and bis given by
area = |d xbl =l Z1x3jl =1 6%l =6 sq units (Ans)
Example:-19 Find a unit vector perpendicular to both the vectors @ =2i +j -k and b=31 -j +3k.
Ans: - (2015-W and 2017-S)

Unit vector perpendicular to both dand bis given by

A=xXb (1)

ij k|l 1 j k
1

Nowd Xb= a, a, az|= |2 -1
by b, b3 3 -1 3
=(3-1)1-(6+3)]+(-2-3) k
=2i-9f-5k----mmmmmeeeeee- (2)
From (1) and (2) we have,
~_ 2i-9j-5k _ 2i-9j-5k _2i-9j-5k
n_lzi—‘)j—skl_ /22+(_9)2+(_5)2_ V110

2 . 9 . 5
= 1 — —
V110 \/110] V110

Example:-20 If @ =21 -j+k and b=31 +4j -k , then find the sine of the angle between these vectors. (
2016-w)

k (ans)

a xb
Ans :- We know that sin9 = fxal ................. (1)
1allbl
I L
Now a Xb=1]2 -1 1
3 4 -1

=(1-4)i-(-2-3)j+(8+3)k =-3i+5j+11k




Hence |3 x b |=/(3)2+52+ 112 =9+ 25 + 121 =155 ....ccooevrrren.. (2)

Again |a]= V22 02+ 2= VEFTFT=VE oo, 3)
and |I;|=\/32+42+(—1)2:\/9+16+1=\/% ............................. (4)
From equation (1),(2),(3) and (4) we have,

. laxB|_ viss _ viss

sing = i Vevze - vise (Ans)

Q-21 Calculate the area of the triangle ABC ( by vector method) where A(1,1,2), B(2,2,3)
and C(3,-1,-1). (2013-W)
Solution: - Let the position vector of the vertices A,B and C is given by a b and é respectively.

Then d =1+ +2k

S
I

20 +27 +3k
=31—j—k

a

Now 4B = Position vector of B — Position vector of A
=20 +2] +3k-( +j +2k)
=Q-Di+@2-1j +(3-2)k
=i +j+k

Similarly AC = Position vector of C — Position vector of A
=31—j—k-(@ + j +2k)
=B-Di+(-1-1)] +(-1-2k

=2i-2j-3k
Now AB XAC=1{1 1 1
2 -2 -3

~

=(-3+2)i-(-3-2)j+(-2-2)k =-i1+5]-4k

Hence area of the triangle is given by

U728 w2¢l =X [(C1Vz2+52 1 (—4)2
A=-1"4B xACI ZJ( 1)2 + 52 + (—4)

- % 1+ 25+ 16 :%\/E sq units. (Ans)

Example:-22 Find the area of a parallelogram whose diagonals are determined by the vectors

=30 + j—2kand b =1—3j +4k. (2014-W, 2017-W)




Ans: - Area of the parallelogram with diagonals a and b are given by

r=1]a xb |
2
O L
Now a xb=1|3 1 =2
1 -3 4
= (4-6)i-(12+2)j+(-9-1)k =-21-14j-10k
Now area A=% i xb | =%\/(—2)2+(—14)2+(—10)2

= ~VA+196 + 10 =@ =19 - 53 squnit. (ans)

2
Example:-23 For any vector d@ and b, prove that (@ X b)? = a?b?— (d.b)? where a and b are
magnitude of a and b respectively.
Proof: - (@ xb)2= (1d1.1b1sin6A)?
= (absin O7)% = a?b?sin?0 (As () =( |A[)?=1%=1)
= a?b?(1 — cos?6) = a’b*— a’b?cos?0

= a?b?— (abcos6)? =a%b%*— (@ .b)> (Proved)

Example:-24 In a AABC , prove by vector method

that ———=—— ="
SinA sinB sinC A
where BC = a, CA = b and AB =c. ( 2017-S) n—-A
Proof:- As shown in figure- 25 ABC is a triangle Z
having, @ = BC,b = CA and ¢ = 4B. €
From triangle law of vector we know that , n-C
BC +CA =BA B = C
R n-8 ¢
= d+b= —¢
= d+b+ =0 ........... (1) Fig-25

(taking cross product of both sides with @ we get)
2 dx(@+b+ ¢)=dx0
2 (@xd)+@xb)+@x7 =0
> 04+ @xb)+(@x 7 =0

= (@xb)= —(dx &




= (ixb)= (¢x d) -(2)

Similarly taking cross product with b both sides of (1) we have,
= (Axb)= (bX &) =mrmmrmmemememes (3)
From (2) and (3), (@xb) = (bx &) = (¢x d)

- -
| = |2 x3|

al

= |a xb| =5 x
= absin(m — C) = bc sin(wr — A)= ca sin(r — B)
As from fig-25 it is clear that angle between G and bis t — C , b and ¢ is m — Aand ¢ and d@ is = — B.

Dividing above equation by abc we have,

absin(m—C) _ bcsin(mr—A) _ casin(m—B)
abc - abc - abc

sinC sinA sinB
= = =
c a b
b

a c
Hence — = — = — (Proved).
SinA sinB sinC

Example:-25 What inference can you draw when @ x b =0 and d@.b=0

N — 5 0

Ans: - Givend x b =0 and d.b=0
= {Eitherd=0orb=0ordllb}and { G=0orb=0ord-L1b }

—

= Asdllbandd-L b cannot be hold simultaneously so d= 0 or b= 0

—

Hence either @= 0 or b= 0.
Example:-26 If |@| = 2and || =5and | xB | =8, thenfind @.5 .
Ans: - Given |a x5 | =8

= |&| |B|sin6=8
= 2X5sin6=28

= sinf=—>=2

10 s
. =V1—sin2g= [1—(Hz= [1_2- [2_3
. C0SO =V1 —sin 9—\/1 (5) —\[1 TR
Hence @.b = |a||b|cosd =2 ><5><§=6(Ans)

Example:-27 Show that the vectors i — 3 j + 4k, 21 — j + 2k, and 4i — 7 j + 10k are co-planar.(2017-S)

Ans: - Now let us find the following determinant ,

1 -3 4
2 -1 2| =1(-10+14) — (-3) (20-8)+ 4(-14+4) = 4+ 36 -40 = 0
4 -7 10

Hence the three given vectors are co-planar.




Exercise

1. Show that the points (3,4) ,(1,7) and (-5,16) are collinear. (2 Marks)
2.1fd = 3i—5jand b = 21 + 3§, then find the unit vector parallel to @ + 2b. (2 Marks)

3. Show that the vectors @ = 3v3i—3j,b =6j and ¢ = 3v3i+ 3 form the sides of an

equilateral triangle. (5 Marks)

4. Find the unit vector parallel to the sum @ = 21 +4j—5kand b =1 + 2 + 3k. (2014-W,2017-W).(2 Marks)
5. Find the scalar and vector projection of @ on bwhere @ =1 + jand b = j + k — 2i.(2015-W)

(5 Marks)
6. The position vector of AB and C are 2i + j—k,31 —2j+k, i +4j— 3k respectively . Show that A, B

and C are collinear. (2 Marks)

7. Find the value of ‘a’ such that the vectors i — j + k, 2i + j+ k and ai— j+ akare coplanar.

(2 Marks)
8. Find the value of 'k’ so that the vectors @ =1 +2j—k and b = ki + j + 5k are perpendicular
to each other. (2015-W) (2 Marks)
9.Find the unit vector in the direction of 2d + 3b whered ={ +3j+kandb = 3i—2j —k.

(5 Marks)
10. Find the angle between the vectors @ = 3{ +2j—6kand b = 4i— 3+ k. (5 Marks)
11. Calculate the area of the triangle ABC by vector method where A(1,2,4), B(3,1,-2) and C(4,3,1).

(5 Marks)
12. Obtain the area of the parallelogram whose adjacent sides are given by vectors i + 2 j + 3k

and -3t — 2 + k. (5 Marks)

13. Determine the sine of the angle between @ =i—3j+kandb =i+ j+k. (5 Marks)
14. Find the unit vector along the direction of vector 2i — j — 2k .  (2015-S) (2 Marks)
15. Find the area of the parallelogram having adjacent sides i — 2 j + 2k and 21 + j. (5 Marks)
16. Find the unit vector perpendicular to both 37 +2j—3k andi + j— k. (5 Marks)
17. Find the area of the parallelogram having vertices A(5,-1,1), B(-1,-3,4), C(1,-6,10) and D(7,-4,7).

(5 Marks)

18. Find the vector joining the points (2,-3) and (-1,1).Find its magnitude and the unit vector along the
same direction. Also determine the component vectors along the co-ordinate axes. (5 Marks)

19. Prove by vector method , that in a triangle ABC,

b2+c2-a?
2bc

20. Find the work done by the force 41 — 3k on a particle to displace it from (1,2,0) to (0,2,3) (2 Marks)

cosA = where BC = a, CA =b and AB =c. (5 Marks)

21. If @ and b are perpendicular vectors, then show that (@ + b )% = (@ — b )2. (2 Marks)




22.1f @,b and ¢ are three mutually perpendicular vectors of the same magnitude, prove that

(@+b+ ¢) is equally inclined with the vectors @,b and ¢é. (10 Marks)
23. Find the area of the parallelogram whose diagonals are @ = 2i — 3 j + 4k and b= -3+ 47—k
(5 Marks)
Answers

7 . 1, 3i+6 j-2k_, -1 -1,, =+ A

2) ﬁl‘l‘ﬁ] 4) fS)ﬁ,;(}‘l‘k—Zl)
11 . 1 =

10) % 11) Szﬂ s units 12) 6v/5 sq units
13) H2 14) Zi-1;_2% 15) V45 sq units

33 3 3 3

1 . 1 5 .
16) NP + \/_ik 17) V2257 sq units
18) -3i+4j ,5 ,Zi+zj , 20 and 3j

20) -13 units 23) 32@ sq units.
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